Abstract: The development and application of mathematics, fostered by a mathematics-in-industry study group (MISG) activity, is a key outcome of the challenges posed when aiming to answer the questions raised by real-world problems. Mathematics-in-industry study groups, which now thrive internationally, bring together mathematicians from tertiary institutions and industries to provide a stimulating environment for the discussion, analysis and solutions of such problems.
1. Reducing the uncertainty about the location and time of the commencement of an epileptic seizure.
2. Providing an understanding about the neuronal mechanism causing epilepsy as a means to reduce the uncertainty around minimizing associated risks.
In particular, the process of sychronisation forms a foundation for the understanding of epileptic episodes. Synchronisation occurs when two or more process couple to harmonise in a similar manner. It is a naturally occurring physical, physicochemical and biological phenomenon. Examples include superconductivity, neuronal behaviour in the brain, adjacent clocks, circadian rhythm in animals and plants and the fundamental processes in population dynamics. In this paper, the modelling of synchronisation with the simple and exactly solvable Kuramoto model is discussed. Generalisations of this model are reviewed which more correctly reflects the known behaviour of synchronisation in the brain. A strategy for the joint inversion of the EEG and fMRI data is proposed.
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THE PHENOMENON OF SYCHRONISATION
Synchronisation occurs when two or more process couple to operate in a similar manner. This phenomenon is closely related to the concepts of "constructive interference" and "resonance" and is a naturally occurring physical, physicochemical and biological phenomenon. Biologically, it is the mechanism that controls the beating of the heart with the synchronization of the signalling coming from the heart's pacemaker (Winfree, 1980; Okuda and Kuramoto, 1991) and the process responsible for brain activity.
Brain activity is an extraordinarily complex dynamic signalling and switching process. It is also a highly organized, robust and error-correcting activity where processes are normally robustly and stably synchronised. Insel (2010) hypothesized that fundamental shifts in brain activity, such as those occurring in mental illnesses, is a type of failure of the stability of multiple synchronisation paths in the brain. This hypothesis can be extended to include the abnormal brain activity arising in epilepsy where malfunctions in areas of normal synchronisation are observable (Velazquez, 2005) . Figure 1 (a) illustrates electroencephalogram (EEG) recordings which are representative of the brain activity occurring prior to, at and during a seizure (Kim et al., 2009 ).
Currently, the observation of brain activity over time is mostly done through EEG recordings (Figure 1(a) ) and when viewed together with fMRI data, which shows the localisation of blood flow changes in the brain (Figure 1(b) ), uncertainty about the location and the time of commencement of an epileptic seizure is reduced. Electroencephalogram (EEG) recordings accurately identify the time at which synchronous epileptic activity commences within the brain and highlights the rapid onset oscillatory phase occurring during an epileptic event. As is clear from such plots, as shown in Figure 1 (a), the rapid onset of the highly oscillatory phases can be viewed as occurring through some major synchronous activity within the brain. Synchronisation phenomenon behave universally similar in almost all natural occurring oscillations and can be described by the dynamical system known as the Kuramoto model (Kuramoto, 1975) . However, in modelling such synchronization, the appropriateness of the Kuramoto model (Kuramoto, 1984) has not been explicitly examined. This model has been indirectly linked with epilepsy, mentioned as an example of a complex network which synchronises. The Kuramoto model models the behaviour of N coupled oscillators. The formulation of this model was motivated by the earlier research of Winfree (1967) who, among other things, proved that the degree of synchronisation depended on the degree of coupling between the oscillators.
As highlighted by a number of authors (Strogatz, 2001; Cumin and Unsworth, 2007; Acebron et al., 2005) , it was Winfree (1967) who, in order to explain the observed behaviour of populations of biological oscillators, formulated a model consisting of a system of nearly identical and coupled limit-cycle oscillators. Winfree (1967) went on to prove whether a system behaves incoherently or synchronises depending on the degree of coupling; namely, incoherent when the coupling was small corresponding to a large spread in frequencies of the oscillators; partial synchronisation when the coupling exceeded a threshold; and fully locked phase and amplitude synchronisation for strong coupling. An illustration of this can be found in Figure 2 in Strogatz (2001) .
A lucid discussion of the Kuramoto model as a simple paradigm for the study of synchronisation can be found in Acebron et al. (2005) . The importance of having simple models is reflected in the following comment by Velazquez (2005) It was Kuramoto (1984) who formalized mathematically the observations of Winfree (1967) in a form that yielded a mathematical framework in which to successfully study synchronization. In addition, he proposed a simple and exactly solvable model of collective synchronization which highlighted explicitly the intuitive observations for Winfree (1967) and thereby validated the appropriateness of his general mathematical model. An insightful discussion of the mathematics of the Kuramoto model can be found in Strogatz (2000) . Because of its utility and appropriateness in modelling, for example, lasers, heart beat and brain activity, it is often cited as an example of a methodology for exploring complex networks (Strogatz, 2001) .
For N oscillators, the general form of the model proposed by Kuramoto (1984) , with t denoting time, is given bẏ
where θ j and ω j denote, respectively, the phase and frequency of oscillator j with the function Γ ij (ω j − ω i ) defining the nature of the coupling occurring between oscillators i and j.
The interesting special case of equally weighted, all-in-all, purely sinusoidal coupling, for which Kuramoto Kuramoto (1984) gave an analytic solution, is given bẏ
As explained in Strogatz (2000) , for highlighting the nature of the synchronization implicit in this model, Kuramoto introduced the concept of an order parameter to characterize the degree of the synchronization ("the collective rhythm" of the population of oscillators) occurring. The complex order parameter takes the form
with r(t) and ψ(t) tracking the phase coherence and average phase of the population.
Using this definition for the order parameter, Kuromoto was able to rewrite, after some algebra, it in the following more compact (mean-field) forṁ
Even though the oscillators are interacting, this equation shows that the coupling is through the order parameter's phase coherence r and the average phase ψ. It follows from (4) that, as the time t progresses with synchronization occurring, the phases θ j are pulled towards ψ rather than each other and the strength of the coupling is given by Kr.
The Kuramoto model, as discussed above, is now playing an increasing role in the modelling of neuronal activity (Kuramoto, 1991; Han et al., 1995; Frank et al., 2000) . However, the model's appropriateness as a model for the study of epilepsy remains an open question. The current emphasis on the study of epilepsy is focussed on techniques for the recovery of information jointly from EEG and fMRI data, with independent component analysis (ICA) receiving considerable attention (Calhoun et al., 2005; Eichele et al., 2009 ).
Various modelling aspects have been pursued but with only an indirect connection to the Kuramoto model. Robinson, 2007, 2008; Kim et al., 2009 ) used delay differential equations in their study of the evolution, spreading and suppression dynamics of epilepsy. In Kim et al. (2009) a passing comment is made about "Kuramato type all-in-all coupling" without specifically citing a publication by Kuramoto. However, they do cite papers related to Parkinson's disease where the Kuramoto model is specifically mentioned. Interestingly, in brain activity studies, the Kuramoto model is playing a quite important role in the study of desynchronization in the context of pulse-based desynchronization techniques for the treatment of Parkinson's disease (Dolan et al., 2005; Majtanik et al., 2006; Moazami-Goudarzi et al., 2008) . However, it should be mentioned that such investigations give no insight about the nature of the initiation of the synchronization in either epilepsy or Parkinson's disease. Kuramoto (1991) has examined collective synchronization of pulse-coupled oscillators and excitable units, where the concept of "all-in-all mutual connection" is introduced. This has relevance for neuronal modelling, because the neuronal interaction and communication is a pulsative interaction process.
Generalisations of the Kuramoto Model
As explained by Cumin and Unsworth (Cumin and Unsworth, 2007) and others, from a brain activity perspective, the weakness of the simple Kuramoto model of equation (1) is that it assumes that the coupling between each pair of oscillators contributing to the synchronization are all the same. Clearly, as Cumin and Unsworth proposed, for the modelling of the synchronization in brain activity, an appropriate generalisation of the Kuramoto model takes the forṁ
where the different levels of coupling between oscillators are not the same and change with the progression of the time t. The clear advantage of this model is that the synchronization can be modelled over the whole brain by setting the K ij (t) to be zero for the times when the coupling between the i-th and j-th oscillators is zero. Interestingly, through the introduction of an explicit dependence on the time t into the coupling function Γ ij (θ i − θ j ) of Equation (1), the Cumin and Unsworth generalization is also a generalization of the original mean-field model of Kuramoto (1984) . In Cumin and Unsworth (2007) , extensive computational analysis of a coupled four-component model was performed in order to assess the utility of the generalization.
A number of authors have examined the utility of the Cumin-Unsworth generalization for the modelling of neuronal activity. The utility of the generalization is acknowledged in Velazquez et al. (2007) , who suggest its application to earlier work on desynchronization (Majtanik et al., 2006) . It is explicitly exploited in Lin and Lin (2009); Ghosh et al. (2009) , where the generalization is used to study neuronal synchronization in the brain. A connection to the circadian rhythm is made in Granada et al. (2009) .
A key question of how to utilise the Kuramoto model in the study of epilepsy has been considered by a number of authors. Velazquez et al. (2007) examined the recovery of information using phase response curves (PRCs).
Joint Inversion of the EEG and fMRI data
The underlying inverse problem of recovering information about an epileptic seizure involves both a qualitative and quantitative aspect:
(i) Is the nature of a seizure such that it is correct to assume that it starts at a specific location and time with the brain with the ramification of that being the EEG recording of a seizure (i.e. a recording of brain activity before at and after the commencement of the seizure)?
(ii) Assuming that the answer to (i) is yes, how can the EEG and fMRI data be jointly utilised to identify the location and time?
The strategy suggested here to perform a location and time identification consists of the following two steps:
(a) Within an EEG recording of a seizure, identify the features f EEG (i), i = 1, 2, . . . , I, which highlight the changing structure in the time series data at the time a seizure occurs.
(b) With respect to the identified features f EEG (i), i = 1, 2, . . . , I, search for similar features in the fMRI data, and use the location and time of that fMRI feature as the location and time for the epileptic event identified in the EEG.
Clearly the success of this process will depend on choosing a form for the features which will facilitate the search in (b). In addition, by identifying a number of features f EEG (i), i = 1, 2, . . . , I, the probability is reasonably high that at least one of them will see a similar structure in the fMRI data. Note that, the features should be as simple as possible as it is more likely to be robust.
